Abstract. Cantor proved that the n−dimensional manyfold remains continuous if the set of points with purely algebraic coordinates is removed. This proof is simplified and it is shown, that continuity is also preserved if the set of points with purely transcendental coordinates is removed. Cantor's first proof of the uncountability of real numbers is modified to cover the set of algebraic numbers and even the set of rational numbers too. The principles and limitations of Cantor's famous second diagonalization method are made easier comprehensible by simplifying Cantor's infinite list. It facilitates to grasp the relation between natural numbers and rational numbers as well as between natural numbers and their powerset. The contradiction of any bijection between a set and its powerset can also be interpreted as evidence against the existence of any infinite sets, implying that transfinite cardinalities are meaningless. Some questions on the qualitative distinction between 0 and 2^ 0 and the magnitude of n for logn approaching infinity support this point of view.
Introduction
In 1882 Cantor proved that the n−dimensional space remains continuous, if the countable set of points with purely algebraic coordinates is taken off [1] . He considered this a peculiar property of countable sets "Was die abzählbaren Punktmengen betrifft, so bieten sie eine merkwürdige Erscheinung dar, welche ich im folgenden zum Ausdruck bringen möchte." But this property is by no means a peculiar property of countable sets. It is a feature of the uncountable set of all transcendental numbers too. Even if all points are removed except those with at least one natural number serving as a coordinate, the remaining manyfold preserves continuity.
We meet a very similar situation with Cantor's first proof of the uncountability of the set of real numbers [2, 3] , the precursor of his famous second diagonalization method [4] , which he found only after many fruitless attempts "nach vielen fruchtlosen Versuchen" [1] . So we can assume that he urged to obtain evidence for a qualitative distinction between countable and uncountable sets and for that sake unconsciously overlooked that his proof applies also to sets which he declared countable. It is shown in section 3 below that this proof can be modified to include the algebraic numbers and even the rational numbers.
Another example of this type is Cantor's second proof of the uncountability of the set of real numbers, his famous second diagonalization method (SDM). By starting with a simplified example of Cantor's list we can conclude with no doubt that SMD covers rational numbers too.
The most demanding argument in favour of different transfinite cardinalities is Cantor's proof that the powerset of a set contains strictly more elements than the set. Although this is obviously true by very simple arguing, Cantor gave an elegant proof in the manner of Russels proof of the nonexistence of the set of all elegant proof in the manner of Russels proof of the nonexistence of the set of all sets which do not contain themselves as an element. Cantor's contradiction of any bijection of the set on the powerset is stringent while the "obvious" proof might have been circumvented by some sophisticated bijection (like Cantor's bijection between the natural numbers and the rational numbers). Closer examination of Cantor's proof shows that exclusion of any bijection between set and powerset is not the only logical conclusion to be drawn. Cantor's result may also be interpreted as a contradiction of the existence of any infinite set.
To deny the existence of different transfinite cardinalities is certainly no drawback for any scientific discipline (except set theory itself) because this concept, contrary to originally great expectations, has not found any important application outside of set theory.
In the following the technical expressions countable, uncountable, 0 etc. are used, because their meaning is commonly known and helps to avoid lengthy explanations. This should not be understood, however, as if the underlying concepts would have to be accepted as unquestionable truths.
On the continuity of n−dimensional manyfolds
In this section the expressions "manyfold" and "continuum" denote the n− dimensional Euclidian space abbreviated by R n . They are used synonymously with the set of points, each of which is determined by a set of n coordinates, which the n− dimensional Euclidian space is isomorphic to. By defining origin and axes of a coordinate system the points of a manyfold are subdivided into three sets: the countable set AA of those points with purely algebraic numbers as coordinates, the uncountable set TT of those points with purely transcendental numbers as coordinates and the uncountable set AT of the remaining points with at least one algebraic number and at least one transcendental number serving as a coordinate. Of course these properties do not belong to a point itself because the type of coordinate system as well as its origin and its axes can be chosen in an arbitrary way. But once the system has been fixed, the bijective mapping of the points P of the continuum on its coordinates, the n−tuples (x 1 ,x 2 ,...,x n ), is fixed too. It is only in this sense that we will use the abbreviations "rational point", "transcendental point" etc. to denote a point with purely rational or purely transcendental coordinates.
A lineare manyfold L connecting two points of R n may contain infinitely many algebraic points. If this set AA is taken off, L is no longer continuous in the remaining manyfold (R n \AA). But in 1882 Cantor [1] proved that an uninterrupted line connecting any two points of (R n \AA) does exist in (R n \AA), i.e., between two points with not purely algebraic coordinates, one can always find a continuous linear connection L' of the same character.
Cantor's proof that an n−dimensional manyfolds remains continuous if the points with purely algebraic character are removed
The set AA of algebraic points is countable. Hence, any interval of the line L connecting P 1 and P k , contains points belonging to the uncountable set (R n \AA). We consider a finite set of them {P 1 ,P 2 ,...,P k }. Between any pair of these points a part of a circle can be found which connects these points but contains no algebraic point on its circumference. This is shown for two points, P 1 and P 2 , as follows: The centers of circles which on their circumference contain at least one algebraic point form a countable set. The centers of circles containing on their circumference P 1 and P 2 belong to a straight line. This line contains at least one point which is center of a circle containing on its circumference and but point which is center of a circle containing on its circumference P 1 and P 2 but not any algebraic point. As this can be shown for any pair of the finite set of points {P 1 ,P 2 ,...,P k } we obtain a connection L' without any algebraic point and the proof is complete.
2.2
Simplified proof of the continuity of (R n \AA)
If P 1 belongs to (R n \AA), then at least one coordinate, say x i , of
is transcendental. Keep it constant while all the other coordinates
are continuously changed until they reach the values
of
All points touched along this way belong to (R n \AA). If at least one of the changed coordinates of (3) is transcendental, we finish by letting x i approach x i '.
If none of the changed coordinates (3) is transcendental, we stop the process of continuous changing for one of the coordinates (3), x j say, at the transcendental value x j '' before the final algebraic value x j ' is reached. Then we let all other coordinates of P 1 approach the values of P 2 , one of which in this case must be transcendental. And finally we complete the process by letting x j ' ' approach x j ' .
Continuity of the manyfold is preserved also in case uncountable sets are removed
It is immediately clear from the simplified proof of section 2.2 that continuity is preserved, if not AA is removed from R n but if, say, TT the set of transcendental points, is removed. Even if all points with exclusively nonnatural coordinates are removed, in particular the uncountable set of irrational points, the remaining manyfold preserves continuity. This can be seen by connecting any two points with not exclusively nonnatural coordinates by the hyperplanes having at least on natural number as a constant coordinate.
As an example take the two−dimensional plane equipped with a Cartesian coordinate system. Two points may have coordinates
and
with n 1 ,n 2 ' N and x 2 ,x 1 ' R. To move from (5) to (6) change (n 1 ,x 2 ) first to (n 1 ,n 2 ') and then to (x 1 ',n 2 ') always sticking to the "grid lines". In case the same coordinate of both points is nonnatural, say the second one, = ( , )
P 1 = (n 1 ,x 2 ) (7)
change (n 1 ,x 2 ) first to (n 1 ,n 2 '') with n 2 '' any natural number. Then change this to (n 1 ',n 2 ''), and finally to (n 1 ',x 2 '), again always sticking to te "grid lines".
This process and the result of this section are very obvious. But Zermelo, the editor of Cantor's collected works [5] , who points to several slips of Cantor, seems to have not noticed this one. It would be interesting to find out whether it has been corrected in the published literature.
On Cantor's first proof of the uncountability of R
In his first paper on set theory [2] Cantor first proved the countability of the set A of all algebraic numbers (including the set Q of all rational numbers) and then he proved the uncountability of the set R of all real numbers. He took this result as evidence in favour of the existence and uncountability of the set T of all transcendental numbers which were shortly before discovered by Liouville [6] . It is remarkable that this proof fails, if any countable subset or even any single element of R is removed. In particular the proof fails if only the set T is considered. If it is amendet to work in T alone, however, then it can also be amended to work in A or even Q alone.
Cantor's uncountability theorem and its proof
Version 1 (Cantor's original proof in my translation with changed lettering, slightly shortened). If an infinite sequence of different real numbers
is given by any rule, then we can find in any open interval
a number h (and hence infinitely many of such numbers) not contained in (x n ).
To prove this, take the first two real numbers x i and x j of the sequence which fit into the interval as
Rename the interval (x i , x j ) by (a 1 , b 1 ) and take the next two real numbers x k and x l of the sequence which satisfy
Rename the interval (x k , x l ) by (a 2 , b 2 ). Continue. There are two possibilities:
Either the number of intervals is finite. Inside the last one (a last , b last ) there cannot be more than one x n of the sequence. Otherwise (a last , b last ) would not be the last interval. Because all numbers of the series were presupposed to be different, so are a last and b last . Further the real numbers are dense, so that in any interval there is a real number. Hence, there is at least one other real number h inside of the last interval.
Or the number of intervals is infinite. Then both, the strictly increasing series a, a 1 , a 2 , ... and the strictly decreasing series b , b 1 , b 2 , ... converge to the same limit h which is not contained in (x n ), or they converge to different limits, then a number between them or the limits themselves are not contained in (x n ). In [3] an everywhere dense sequence (9) is presupposed, so that the case of different limits can be excluded.
Generalization to algebraic numbers
It is necessary for this proof to restrict the allowed sequences to those consisting of different numbers, because otherwise the limit could appear as an early member of the sequence.
Nevertheless this elegant proof fails, if applied to the transcendental numbers alome, if there is not a second condition applied. The reason is, that "any sequence" need not converge to a transcendental limit. Already the absence of a single number, zero for instance, cannot be tolerated, because it is the limit of several sequences. If the uncountability of T shall be derived from this proof alone, then the other condition to be added to the theorem may read, for instance:
If an infinite sequence (x n ) of different transcendental numbers with transcendental limit is given by any rule, then we can find in any open interval (a , b) a transcendental number h not contained in (x n ).
But in a similar form, the theorem does apply to the set of algebraic numbers as well:
Version 3. If an infinite sequence (x n ) of different algebraic numbers with algebraic limit is given by any rule, then we can find in any open interval (a , b) an algebraic number h not contained in (x n ).
Even if all transcendental numbers were removed from R, we would have always an algebraic number as the limit of the sequence and, as A is dense in R\T, always an algebraic number "in the last interval" as well.
It is obvious that, when replacing "transcendental" by "rational", Cantor's theorem would show the uncountability of Q too.
On Cantor's second diagonalization method
The first uncountability proof was later on [4] simplified by a proof which has become famous as Cantor's second diagonalization method (SDM).
Cantor's second diagonalization method
Try to set up a one−to−one correspondence between the natural numbers n and all real numbers r of the interval [0,1). For instance, put all these real numbers in a random sequence in a list with enumerated rows. The digits of the nth real number may be denoted by a n1 , a n2 , a n3 , ... leading to r(n) = 0.a n1 a n2 a n3 ... . with n digits, which obviously differs from r(n) and every real number preceding it by at least one digit. If the diagonal elements of all rows are exchanged, then R differs from any real number listed there. It cannot have been contained in the list. But R belongs to the interval [0,1). Therefore, the list cannot have been complete, even for this small interval [0,1). The assumed bijection does not exist.
Simplified reasoning
Contrary to its simple appearance, however, SDM seems to be very difficult to survey and to analyze in its consequences. A reason may be the infinite number of rows. To be honest, I have great difficulties imagining infinite lists, and I think, I share this fate with most people including many mathematicans. Therefore here I propose a simplification by utilizing a list which starts with a finite number of rows and develops step by step in order to support the imaginational capabilities of us handicapped people and to make Cantor's proof a bit more comprehensible. To further simplify the proof I will use only rational numbers.
We start with a list having two rows, labelled by first row and later row. Infinitely many rows (that means: as many rows as we like) are to be inserted between first and later row. And infinitely many rows may also be added to follow the later row. The diagonal digits are changed by simple addition of 1. Table 2 . Starting list n r(n) first row 0.000... later row 0.111... After changing the diagonal digit 0 of the first row to 1, we insert the number r(1) = 0.3000... . After changing it to r'(1) = 0.31000..., we insert the number r(2) = 0.33000... . After changing it to r'(2) = 0.331000..., we insert the number r(3) = 0.333000... and so on, filling the list with the sequence 0.3, 0.33, 0.333, ...
of rational numbers, thereby avoiding ever to enter the later row. It is not very probable but, on the other hand, it cannot be excluded that this sequence would appear in a random list. If a firm proof is based upon such a method then undesired or invalid sequences of numbers should explicitly be named and excluded or, if not so, be accepted.
But this point need not further be discussed. A complete list must contain the set {0.3, 0.33, 0.333, ...}
in whatever sequence. According to current set theory this is possible, because the rational numbers are claimed countable, and it is necessary if a serious the rational numbers are claimed countable, and it is necessary if a serious attempt is made to compile a complete list. In infinitely many lists this set will precede the number 0.111..., and in nearly all lists it will precede at least one rational number (having no digits 0 and 3) which could be the diagonal number (11) constructed. 
By construction of the list, this diagonal number (14) is not different from any number contained therein because r(later row) = 0.111... = 1/9.
But it is different from any number we can reach and exchange. It is even impossible to get to know the number (15), because there are infinitely many others to pass by, which costs infinitely much time. And we cannot start to read the list from the last row, because there is no last row.
This argument shows that SDM by no means ascertains that the diagonal number R differs from any number of the list containing all real or at least all rational numbers. It is simply impossible to reach the lower parts of the list. Hence SDM is not a suitable tool to analyze whether the list was complete or not. Certain is only that the list may contain any real number (to that degree to which it is known) like the number in the later row of table 3, because no one can hinder it to be there. This can be a rational number like 1/9 or it can even be an integer like 0.999... or zero (if it is omitted in the first line). Hence if Cantor's proof is accepted as correct and significant, it also shows the uncountability of the rationals and even of the integers, if we construct a diagonal 0.000... or 0.999... .
Cantor's list, even if containing only the countable set of rational numbers, is in any case by far longer than broad. If only the rational numbers with n digits are concidered, the list has a length of 2 n . It is remarkable, however, that if the first part of the list is shown in print, it always appears broader than long, at most it has square shape.
Countability of the real numbers
On the other hand, we can show the countability of the real numbers R, if we do not accept that there is any infinity beyond ordinary infinity , i.e., if we do not accept Cantor's inequality 0 < 2 0 (16) But this inequality was derived from the proofs discussed above which, without assuming this inequality, are not conclusive.
All real numbers of the interval (0,1] can be enumerated (in the sense of Cantor, All real numbers of the interval (0,1] can be enumerated (in the sense of Cantor, but denying (16)) by, e.g., the following binary example: It is obvious that this method can be extended to include all real numbers and also to include all points of the manyfold R n , using a scheme developed by Cantor [7] .
On the countability of Q
Already Galilei [8] mentions that there may be as many squares as natural numbers. Cantor gave a bijection of N on Q by his celebrated first diagonalization method, ordering the rational numbers q by subsets of constant sum of numerator and denominator and eliminating those which appear in this sequence for another time as sketched in table 6. (The sequence of fractions given by Bolzano [9] : 1/2, 1/3, 2/3, 1/4, ... could be interpreted as a precursor of this method, but is too rudimental to allow a certain conclusion. Moreover, Bolzano does not consider countability but asserts that there are by far more fractions than natural numbers.) If Q is a set of numbers which exists independent of human beings and iff it has some cardinality, then this cardinality should be independent of any ordering chosen by anyone. This independent existence and cardinality seems to be contradicted by the fact that we can choose another ordering of Q, namely first enumerating its subset N after which there remains no free space for the fractions. But this obvious contradiction can be remedied by an approach similar to that depicted in table 3. 
On the powerset of the natural numbers
The most important and convicing argument in favour of (16) is the theorem that the powerset has always more elements than the set. This is as obvious as the observation that there are, in any finite interval, more rational numbers than natural numbers. But as the rationals can be enumerated by the natural numbers, the obvious observation is not conclusive in case of infinite sets. The general proof for the powerset of N runs as follows:
Contradiciton of a bijection of N on P(N).
Assume a bijection between N and its powerset P(N). Then every element n of N corresponds to an element S(n) of P(N), i.e., to a set of natural numbers. An example is shown in table 8. Table 8 . Attempted bijection of N on P(N)
The "generator" n may belong as an element to the "generated" set S(n), or not. The former happens for n = 1 and n = 2 in the special bijection chosen in table 8, the latter happens there for n = 3. Independent of any special choice, one of both cases must be realized. Now, the set of all generators which are not member of the cases must be realized. Now, the set of all generators which are not member of the set they generate, is also a subset of N; hence it belongs to P(N). In our list this subset is generated by n = g. Is g a member of S(g)? If so, it must be eliminated, if not, it must be included. Concluding, the attempted bijection cannot exist.
The set of all sets
This situation resembles Russels paradox [10] concerning the set of all sets which do not contain themselves as an element. Russel constructed it while studying Cantor's work. The popular version deals with the barber who shaves all men of his town, who do not shave themselves. Who shaves the barber? In this form the paradox could be resolved by a female barber, but set theory was seriously shaken and set theorists were deeply shocked in 1903. As a result there is general agreement that the concept of a set of all sets is meaningless.
The set of all sets is banned from set theory also because of another reason. For it must contain, by definition, its powerset and the powerset of its powerset and so on, its existence would contradict contradiction 6.1 and with it the whole set theory.
If we are not believing that the infinity of the natural numbers is restricted in any way, we can assert that all sets may be enumerated. By an isomorphism between the set of all sets and the set N, the latter, let alone its powerset, is then as meaningsless as the former. These sets do not exist other than in the sense that it is possible to select any desired subset.
If not the set of all sets, can we assume the existence of a set of all sets of an restricted domain? Let us consider only infinite sets of numbers like the natural, the rational and irrational, the transcendental, the real, and the complex numbers, the quaternions, and so on. Consider the set M of all powersets of those sets of numbers which do not contain the powersets of themselves. Does M contain the powerset P(M) of itself? If so, it must be removed from M, if not, it must be included.
If also the existence of the set of all number systems is doubted, let M be the set of powersets of all sets which contain only natural numbers and which do not contain their own powerset. Then M is the powerset of N and as such a set (of sets) of natural numbers and the question remains: Does M contain the powerset P(M) of itself? If so, P(M) must be removed from M, if not, it must be included. Obviously not only the set of all sets is a meaningless construct but also the concept of a powerset of the natural numbers alone. This can be blamed only on the nonexistence of the set of all natural numbers as a completed entity. In fact this set is, in the very restricted field of numbers, the set of all sets.
Some arguments suggesting P(N) belongs to N
The set of those natural numbers which are not contained in the subset they are bijected on (the nongenerators of their subsets) is infinite. In fact it may include most or even all natural numbers, and it cannot be constructed as a complete set. Hence there is as little a contradiction to obtain from the question whether the generator of the set of nongenerators is a member of its set or not as from the question whether this set has an even or an odd number of elements.
The real numbers are sometimes called the powerset of the natural numbers. Already one irrational number alone, like e, for instance contains all combinations of all subsets of natural numbers lined up infinitely often (provided the sequence of its digits has a normal distribution and is interpreted as a sequence of natural digits has a normal distribution and is interpreted as a sequence of natural numbers).
According to this idea, a possible interpretation of the natural numbers 12 or 21 as representing the set {1,2} suggests an interpretation of the natural numbers between 10 1 and 10 9 as (several times) containing the powerset of the set {1,2,3,4,5,6,7,8,9}. (1 itself is represented by 11 or 111 etc.) The powerset of the numbers 10 to 99 has multiple representations by the natural numbers between 10 10 and 10 99 , and so on. If with n also 10 n is a natural number, then N contains its powerset.
There is another reason to assume that the natural numbers include the powerset of themselves. If any many of them step in line, the result is again a natural number. The same is true for the product of natural numbers. If not, Euclids proof of the unlimited number of primes would be invalid.
The list with the latere line
Construct a list, the upper part of which contains the bijection of N on N.
Starting from a later row the combination of two and more elements may follow. As the natural numbers never come to an end, there are enough. We do never face this part of the list because it comes only below infinitely many rows. The situation resembles the countability facilitation of Q and R in table 7. The subset of nongenerators must come at a much later position, because we cannot find out earlier which elements it has to contain. But this list cannot be considered to prove a bijection. It appears as if bijections between infinite sets cannot be set up (because those sets do not exist).
Some arguments in favour of = 2
Apart from some inconsistencies in formal set theory which were pointed out in the foregoing sections, Cantor's theory shows some implausibilities, to say the least, when applied to the field of calculating limits of sequences. Abbreviating the limit n by 0 the exponential function can be written 
instantaneously. Although e x is a continuous function which, for real x, can take on every value between zero and infinity it seems impossible to adjust x to obtain a value a value 0 e x 2 0 .
The discontinuity can be increased by many infinities. Consider, for instance, a function like 2^{2^{...^{2 x }...}} < 0 (20)
which for real x is real and perfectly continuous. But as soon as x approaches infinity, it jumps over a gigantic interval to arrive at some k .
2^{2^{...^{2 0 }...}} = k
If log 2 n approaches infinity 0 what does then n do? Can n approach 2 0 . Or can log 2 n not approach infinity? This can be sharpened by calculating log 2 log 2 ...log 2 n = 0 .
All these inconsistencies can be focused by a single question: What is the value of n, if
Were it n = 0 then the common equations
could be completed by 2
which appears as the logical consequence, because the power is only a shortcut for repeated multiplication which itself is only a shortcut for repeated addition. Otherwise we would have to find some n different of 0 to satisfy (23). As this is impossible we should exorcize all the alephs and beths and inacessible and hyper inaccessible transfinite cardinal numbers from mathematics being satisfied with Wallis' .
